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ABSTRACT: Severalpracticalinstancesof network designandlocationtheoryproblemsrequire
thenetwork to satisfymultiple constraints.In this paper, we studya graph-theoreticproblem
thataimsto simultaneouslyaddressa network designtaskanda location-theoreticconstraint.
TheBudget ConstrainedConnectedMedianProblemis the following: We aregiven anundi-
rectedgraph

���������
	��
with two differentedge-weightfunctions
 (modelingtheconstruction

or communicationcost)and � (modelingtheservicedistance),anda bound � on thetotal ser-
vice distance.The goal is to find a subtree� of

�
with minimum 
 -cost 
 � � � subjectto the

constraintthatthesum ����������� dist� ����� � � of theservicedistancesof all theremainingnodes�� !��" � doesnot exceedthe specifiedbudget � . Here, the servicedistancedist� ����� � �
denotesthe shortestpathdistanceof

�
to a vertex in � with respectto � . This problemhas

applicationsin opticalnetwork designandtheefficient maintenanceof distributeddatabases.
We formulatethis problemas a bicriteria network designproblem,and presentbicriteria

approximationalgorithms.We alsoprove lower boundson theapproximabilityof theproblem
whichdemonstratethatourperformanceratiosarecloseto bestpossible.
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1 Intr oduction and Overview

Given an undirectedconnectedgraph ')()*,+.-0/21 with two different edge-weight
functions3 (modelingtheconstructioncostof thebackbone/inter-databaselinks)and4
(modelingtheservicedistance),theBudgetConstrainedConnectedMedianProblem
(BCCMED) is to find a subtree5 of ' with minimum 3 -cost 36*�5718(:9<;>=@?A36*,BC1
subjectto theconstraintthat thesumof theservicedistances9!DE=GFIH>? distJG*LKM-�571 of
all theremainingnodesKONP+RQS5 to a closestnodein 5 doesnot exceeda specified
budget T . Theproblemaimsat combininganobjective functiontypical for network
design(costof thetree)with a location-theoreticconstraint(total costof coveringthe
nodesnot in thetree).

A problemof this naturearisesnaturallyin severalpracticalsettings.Power-aware
network designis one sucharea. Due to recentadvancesin radio technology, re-
searchershavebegunto build ad-hocnetworkswith low-powerradiodevices(see[16]
andthereferencesthereinfor moredetailson this subject).We illustratethekind of
problemsthatarisein suchsystemsin thecontext of theinformationacquisitionprob-
lem in sensornetworks. We aregiven a setof small radio devicesthat measurethe
relevant stateof the systemin a continuousfashion. This might correspondto the
temperatureandmoisturecontentof thesoil, or presenceof a biologicalagentin the
atmosphere.Thedatais periodicallysentbackto a basestationfor furtheranalysis.
Thepowerconsumedby thesensorsis proportionalto theamountof datatransmitted
aswell as the rangeof the transmitter. We assumefor uniformity that eachsensor
hasthe sameamountof datato transmit. The goal is to selectpower levels (which
is proportionalto the 4 -edgecostsin our formalism)andappropriateclusterheadto
relayinformationamongstthesensorssoasto minimizethetotalpowerconsumed.

Anotherareawheresucha problemmight ariseis in the designof modernopto-
electronicnetworks. Interfacingoptic andelectronicnetworkshasbecomeanimpor-
tantproblemin telecommunicationnetwork design[25,27]. As anexample,consider
the following problem: Givena setof sitesin a network, we wish to selecta subset
of thesitesat which to placeoptoelectronicswitchesandrouters.Thebackbonesites
shouldbeconnectedtogetherusingfiber-optic links in aminimum-costtree,while the
endusersareconnectedto thebackbonevia directlinks. Themajorrequirementis that
thetotalaccesscostfor theusersis within aspecifiedbound,whereastheconstruction
costof thebackbonenetwork shouldbeminimized.

Similar problemsarisein the efficient maintenanceof distributeddatabases[5, 6,
9,20,28]. Otherapplicationsof BCCMED includelocationtheoryandmanufacturing
logistics(see[25,27] andthereferencescitedtherein).

In thispaper, westudythecomplexity andapproximabilityof BCCMED. Thepaper
is organizedasfollows. In Section2 we formally definetheproblemunderstudyand
thenotionof bicriteriaapproximation.Section3 containsabrief summaryof themain
resultsin thepaper. In Section4, we discusshow BCCMED andits “bicriteria dual”
arerelatedto otherknown problemsin theliterature.In Section5 we provehardness
results. Section6 containsa fully polynomialapproximationschemeon trees. An
approximationalgorithmfor thegeneralcaseis presentedin Section7.
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2 ProblemDefinition and Preliminaries

Throughoutthe paper 'U(V*,+.-0/21 denotesa finite connectedundirectedgraphwithWYX ([Z +\Z verticesand ] X (^Z /\Z edges.TheBudget ConstrainedConnectedMedian
Problemproblemconsideredin thispaperis definedasfollows:

DEFINITION 2.1 (BudgetConstrainedConnectedMedianProblem(BCCMED))
An instanceconsistsof a connectedundirectedgraph '_(_*,+.-0/21 with two different
nonnegative edge-costfunctions 3 X /a`cbed (modelingthe constructionor com-
municationcost)and 4 X /f`gbed (modelingthe servicedistance),anda bound T
on the total servicedistance.The problemis to find a subtree5 of ' of minimum
cost 3@*L571 X (h9<;>=@?A3@*�BC1 subjectto theconstraintthat thetotal servicedistanceof all
verticesfrom +RQi5 is atmost T , thatis,

serviceJ *L571 X ( jDE=GFkH>? distJ *LKM-�5l1SmYT\-
wheredistJ *LKM-�571 X (onqpsrut =@? distJ *�Ku-0571 and distJ *�Ku-0v�1 denotesthe shortestpath
distancebetweenverticesK and v with respectto theedge-costfunction 4 .

TheproblemBCCMED canbe formulatedwithin theframework developedin [18,
23]. A genericbicriterianetwork designproblem,*xw@y�-zwC{6->|I1 , is definedby identifying
two minimizationobjectives, w@y and wC{ , from a setof possibleobjectives,andspeci-
fying a membershiprequirementin a classof subgraphs| . Theproblemspecifiesa
budgetvalueon thefirst objective, w@y , andseeksto find a network having minimum
possiblevaluefor thesecondobjective, wC{ , suchthatthisnetwork is within thebudget
onthefirst objective w}y . Thesolutionnetwork mustbelongto thesubgraph-class| . In
this framework BCCMED is statedas(TOTAL 4 -SERVICE DISTANCE, TOTAL 3 -EDGE

COST, SUBTREE): thebudgetedobjective w@y is thetotal servicedistanceserviceJ *�571
with respectto theedgeweightsspecifiedby 4 , thecost-minimizationobjective w { is
thetotal 3 -costof theedgesin thesolutionsubgraphwhich is requiredto beasubtree
of theoriginalnetwork.

DEFINITION 2.2 (BicriteriaApproximationAlgorithm)
A polynomialtime algorithmfor a bicriteriaproblem *,w y ->w { -0|k1 is saidto have per-
formance*�~i-��I1 , if it hasthefollowing property:For any instanceof *,w y ->w { ->|I1 , the
algorithmproducesasolutionfrom thesubgraphclass| for which thevalueof objec-
tive w y is at most ~ timesthespecifiedbudgetandthevalueof objective w { is at most� timestheminimumvalueof asolutionfrom | thatsatisfiesthebudgetconstraint.

We also usethe term “ *�~i-��I1 -approximationalgorithm” to refer to an algorithm
with performance*,~.-0�I1 . A *��@-03�1 -bicriteriaapproximationalgorithmfor a bicriteria
problem *,w y ->w { -0|I1 is alsoreferredto asa 3 -approximationalgorithm.

DEFINITION 2.3 (Fully PolynomialApproximationScheme)
A family ���7����� of approximationalgorithms,is calleda fully polynomialapproxima-
tion schemeor FPAS, if algorithm �7� is a *��@-��S���z1 -approximationalgorithmandits
runningtime is polynomialin thesizeof theinputand ���6� .



4 J. of DiscreteAlgorithms, Vol. 0 No. 0, 0000

As discussedin [18,23], for genericbicriteriaproblems,wecannaturallyformulate
a variant of the BCCMED in which we interchangethe two objectives. More pre-
cisely, in this casewe put a boundon the costof the treeandseekto minimize the
costof coveringthenodesnot in the tree. The resultingproblemis (TOTAL 3 -EDGE

COST, TOTAL 4 -SERVICE DISTANCE, SUBTREE). In [18,23], the generalrelation-
ship betweensuchbicriteria problemsis studiedfrom the standpointof approxima-
bility. It follows from theseresultsthat an *,~.-0�I1 -approximationalgorithmfor BC-
CMED (statedas(TOTAL 4 -SERVICE DISTANCE, TOTAL 3 -EDGE COST, SUBTREE) in
the form of the framework from [18,23] asnotedabove) implies theexistenceof an*���-�*�������1�~k1 -approximationalgorithmfor its “bicriteria dual” (TOTAL 3 -EDGE COST,
TOTAL 4 -SERVICE DISTANCE, SUBTREE) for any fixed ���Y� .
3 Summary of Results

In this paper, we studythecomplexity andapproximabilityof theproblemBCCMED.
Ourmainresultsincludethefollowing:

1. BCCMED is �S� -hardevenon trees.This resultcontinuesto holdevenif theedge-
weightfunctions3 and 4 areidentical.Westrengthenthishardnessresultto obtain�S� -hardnessin thestrongsensefor bipartitegraphs.

2. For generalgraphsweshow thatunless�i���<�������O�M*,��� �0 ¡� �> £¢¤1 , therecanbeno
polynomial-timeapproximationalgorithmfor BCCMED with aperformance*
�}-�*
�C�6¥@�§¦��1�¨©r W 1 , whereW denotesthenumberof verticesin theinputgraph.
Undertheweaker assumptionthat �Rª(^�S� , we show that thereexistsa constant« �!� , suchthat thereis no approximationalgorithmfor BCCMED with a perfor-
manceof *��@- « ¨©r¬¨sr W 1 .

Ourhardnessresultsarecomplementedby thefollowing approximationresults:

1. Thereexistsa FPAS for BCCMED on trees.

2. Forany fixed ���Y� thereexistsa *
�C�l�E-�*
�C�2���6�z1>­®*�¨s¯}°6± W ¨s¯}°�¨©¯@° W 101 -approximation
algorithmfor BCCMED on generalgraphs.

As shown in thenext section,theBCCMED problemis closelyrelatedto theTravel-
ing PurchaserProblem. Therecentapproximationalgorithmsfrom [25] canbeused
to obtainresultsfor BCCMED with metric 3 -cost.However, our resultsapplywithout
this restrictionandgiveaslightly betterapproximationguarantee.

4 Past Work and Relationshipwith Other Problems

In the past,several service-constrainedminimum-costnetwork problemshave been
consideredin [1, 8,17,21,22]. Thesepapersconsiderthe variant that prescribesa
budgeton the servicedistancefor eachnode. The goal is to determinea solution
subgraph(which in someof the cited papersis a salespersontour andin othersis a
subtree)subjectto thebudgetconstraintsof theverticesnot in thesolution.
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In casethat thesolutionsubgraphmustbea salespersontour, nodesrepresentcus-
tomersandtheserviceradiusrepresentsthedistancea customeris willing to travel to
meetthesalesperson.Thegoalis to find aminimum-lengthsalespersontoursothatall
the(customer)nodesarestrictly serviced.Restrictionsof theproblemsto geometric
instanceswereconsideredin [1,17,24].

Theseproblemsaresimilar to BCCMED studiedhere,theprimarydifferencebeing
in theway thelocation-theoreticconstraintis formulated.In thecurrentpaper, weput
a budgeton thesumof thecostsof thenodesnot in thetreewhile thepapersreferred
to aboveconsiderabudgeton themaximumdistance. This is similar to thedifference
betweenthe ² -CenterProblemandthe ² -MedianProblemproblemsconsideredin the
literature.

An importantmotivationfor theproblemconsideredin thecurrentpaperis to define
andstudyproblemsthat simultaneouslyaddresslocation-theoreticandconnectivity
constraints.We believe thatsucha generalizationon theonehandallows morereal-
istic modelsof several practicalproblemsandon the otherhandmight prove useful
in obtaininga moreunifiedtheoryof approximationalgorithmsfor thesetwo closely
relatedclassesof problems.

4.1 Relationshipto otherproblems

BCCMED problemis relatedto andgeneralizesseveral well known network design
andlocationproblems.We discussa few of theseproblemsin orderto illustratethe
connections.

4.1.1 Metric ³ -MedianProblem
Givenacompleteundirectedgraph'h(´*x+�->/µ1 , ametricedge-weightfunction 4 X /´`¶i·u¸

anda positive integer ² , the ² -MedianProblemis to find a setof nodes¹_�R+ ,Z ¹ºZu(»² suchthat 9!DE=GFIH�¼24M*LKM-z¹½1 is minimized. Here, 4M*LKM-z¹A1 is thesmallestdis-
tanceof the vertex K to a vertex in ¹ . The “bicriteria dual” problemto BCCMED,
namely(TOTAL 3 -EDGE COST, TOTAL 4 -SERVICE DISTANCE, SUBTREE), canbeseen
asa generalizationof themetric ² -MedianProblem.Namely, givenan instance¾ of
the ² -MedianProblem, we constructan instance¾G¿e(À*,'½¿x-03Á¿,-04G¿�->Tµ¿�1 of (TOTAL 3 -
EDGE COST, TOTAL 4 -SERVICE DISTANCE, SUBTREE) asfollows: (1) thegraph '½¿
specifiedin ¾G¿ coincideswith ' , (2) the 4G¿ -coston theedgesof '½¿ is definedasin the
instanceof ² -MedianProblem,(3) we set 3Á¿Â*,B�1�(_� for all edgesB®NÃ'½¿ and(4) the
budget T2¿ on the treecost is Tµ¿ X ([²\¦<� . It is clearthat the thereis a solutionof
cost Ä for ¾ if andonly if thereis solutionof the samecost for ¾G¿ . This yields the
following result:

THEOREM 4.1
A *
�}-��I1 -approximationalgorithmfor the (TOTAL 3 -EDGE COST, TOTAL 4 -SERVICE

DISTANCE, SUBTREE) problemimplies a � -approximationalgorithmfor the metric² -MedianProblem.
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4.1.2 GroupSteinerProblem
Givena completeundirectedgraph '»(_*,+.-0/µ1 with edgeweights 3@*�BC1e*�BºNP/µ1 and
a collection 'µyC-�Å�Å�Å�->'AÆ of (not necessarilydisjoint) subsetsof + , theGroupSteiner
TreeProblem(GST)consistsof findingasubtreeof ' of minimumcostsuchthatthis
treecontainsat leastonevertex from eachof the groups ' y -�Å�Å�Å�->' Æ . Garg, Kon-
jevod andRavi [14] deviseda randomizedpoly-logarithmicapproximationalgorithm
for the GSTproblem. Charikaret al. [7] showedhow to derandomizethealgorithm
thusyielding a deterministicalgorithmfor GST with poly-logarithmicperformance
guarantee.

Givenan instance¾ of GST, we constructan instance¾}¿�(^*�'½¿x-03Á¿,-04G¿x-0T2¿©1 of BC-
CMED asfollows. To create'½¿ , remove from ' all Steinervertices(thosenot con-
tainedin any group). Define 3�¿,*�vI-0K�1 for vI-0K!N´+º*�'½¿�1 to be their shortest-path3 -
distancein ' . For eachgroup '½Ç , set 4G¿Â*�BC1�(!� for all edgessuchthatbothendpoints
arein '½Ç . The 4 ¿ -costof eachremainingedgeis set to somelarge numberandthe
budget Tµ¿ is setto � . Now givena solutionof cost Ä for ¾ , it is easyto constructa
solutionof costatmost ¥@Ä for ¾G¿ : simplyusetheverticesof thetree 5 generatedfor ¾
astheverticesof thesolutiontree 5�¿ for ¾G¿ . The 3�¿ -costof 5�¿ is no morethantwice
the 3 -costof 5 becausethecostof terminal-to-terminaledgesof 5 hasnot increased,
andthe costof eachSteiner-to-terminalor Steiner-to-Steineredgeof 5 may in the
worst casebe countedtwice in 5�¿ . Conversely, assumethat '½¿ containsa tree 57¿
of cost Ä¤¿ for ¾G¿ . The budgetconstraintimplies that we will pick at leastonenode
from eachgroup ' Ç . Thus, 5 ¿ canbe usedasa solution for ¾ no more expensive
than Ä¤¿ . Thisapproximation-preservingreductionfrom GSTto BCCMED impliesthe
following result:

THEOREM 4.2
A *��@-��k1 -approximationalgorithmfor theBCCMED problemimpliesa ¥C� -approximation
algorithmfor theGroupSteinertreeproblem.

The theoremshouldbe comparedto the approximationalgorithm for BCCMED

given in Section7; it implies a nearlybestpossiblesolution to BCCMED given the
currentstatusof theGSTproblem.

4.1.3 ³ -Minimum SpanningTree
Givena completeundirectedgraph '^(È*x+�->/µ1 with nonnegativeedgeweights 36*,BC1*,BAN�/µ1 , the ² -MinimumSpanningTreeProblem( ² -MST)asksto find atreespanning
at least ² nodesin + of minimum cost. Therehasbeena substantialamountof re-
searchon providing upperandlower boundsfor the ² -MST problem(see[2,13,26];
currentlythebestresultsarethosein [2,3] for boththegeometricandnon-geometric
case).Givenan instance¾ of the ² -MST problemwe cantransformit to an instance¾G¿7(É*�'½¿x-03Á¿,-04G¿x-0T2¿©1 of BCCMED as follows: Oncemore, the graph '½¿ is identical
to ' specifiedin ¾ . The 3Á¿ -costsin ¾}¿ areequalto the respective 3 -costsgiven in ¾ .
The 4G¿ -costof eachedgein ¾G¿ is setto � . We placea budget T2¿ X (V* W ¦Y²§1 on the
total 4G¿ -servicecost. This in particularimplies that any feasiblesolutionfor ¾G¿ can
leave at most W ¦Ê² verticesout of thetree;in otherwords,it mustcontainat least ²
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vertices.It is now easyto seehow to obtain—givena *��@-��k1 -approximationalgorithm
for BCCMED—a solutionwith performanceguarantee� for the ² -MST problem.

4.1.4 TravelingPurchaserProblem
TheBCCMED problemis alsocloselyrelatedto a well studiedvariantof theclassical
traveling salespersonproblemcalledtheTravelingPurchaserProblem(see[25] and
thereferencestherein).In thisproblemwearegivenabipartitegraph'´(h*,ËÍÌ�Îe-0/µ1 ,
where Ë denotesa set of markets and Î denotesthe set of products. Thereis a
(metric)cost 3 ÇÐÏ to travel from market Ñ to market Ò . An edgebetweenmarket Ñ and
productÓ with cost 4 ÇÐÔ denotesthecostof purchasingproductÓ at market Ñ . A tour
consistsof startingat a specifiedmarket visiting a subsetof market nodes,thereby
purchasingall the productsand returningto the startinglocation. The cost of the
tour is thesumof thetravel costsusedbetweenmarketsandthecostof buying each
of the products. The budgetedversionof this problemas formulatedby Ravi and
Salman[25] aimsatfindingaminimum-costtoursubjectto abudgetconstraintonthe
purchasingcosts.

It is easyto seethat an *,~.-0�I1 -approximationalgorithm for the budgetedtravel-
ing purchaserproblemimplies an *,~.-z¥C�I1 -approximationfor BCCMED with metric3 -cost: just deleteone edgeof the tour to obtain a tree. Using the *
�2�Í��-E*
�2��C�C��10­\*L¨©¯@°G±�]R¨©¯@°�¨©¯@°�]�1�1 -approximationalgorithmfrom [25] we geta *��i���E->¥£*
�i��C�C��10­\*L¨©¯@° ± ]R¨©¯@°�¨©¯@°�]�1�1 -approximationfor BCCMED with metric 3 -cost.Our algo-
rithmgivenin Section7 usesthetechniquesfrom [25] directlyandimprovesthisresult
by a factorof ¥ . In addition,it doesnot requirethatthecost 3 bemetric.

5 HardnessResults
THEOREM 5.1
TheproblemBCCMED is �S� -hardevenon trees.This resultcontinuesto holdevenif
werequirethetwo costfunctions 3 and 4 to coincide.

PROOF. We usea reductionfrom the PARTITION problem,which is well known to
be �S� -complete[12, ProblemSP12]. Given a multisetof (not necessarilydistinct)
positive integers �EÕ§y�-�Å�Å�ÅÁ-0Õ�ÖM� , the questionis whetherthereexists a subset ¹×��G�@-�Å�Å�Å�- W � suchthat 9 Ç =G¼ Õ�Ç�( 9 ÇÂØ=G¼ Õ�Ç .

Givenany instanceof PARTITION weconstructastar-shapedgraph' having W ���
nodes �EÙ�-0Ù�y�-�Å�Å�Å�-�ÙMÖ�� and W edges *LÙI-�ÙMÇÂ1 , Ñ�(a�@-�Å�Å�ÅÁ- W . We define 36*LÙI-�ÙuÇÂ1 X (4M*LÙI-�ÙuÇÚ1 X (ÛÕ�Ç . Let Ü X ( 9 ÖÇsÝIy ÕGÇ . We setthebudgetfor theservicecostof thetree
to be T X (^ÜÞ�6¥ . It is easyto seethat thereexists a feasibletree 5 of cost 36*L571 at
most ÜÞ�6¥ if andonly if theinstanceof PARTITION hasasolution.

We caneasilymake the treebinaryby addingdummynodesandaddingedgesof3 -costsand 4 -costsequalto � . Theseresultsimmediatelyimplies �S� -hardnessof the
BCCMED problemfor graphsthat aresimultaneouslyof boundedtreewidth, planar
andof boundeddegree.

Next, wegiveinapproximabilityresultsfor generalgraphs.Beforestatingthehard-
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nessresult we recall the definition of the M IN SET COVER problem[12, Problem
SP5]andcite the hardnessresultsfrom [4, 11] aboutthe hardnessof approximating
M IN SET COVER. An instance*x¹¬-
ßS1 of M IN SET COVER consistsof a finite set¹ of groundelementsand a family ß of subsetsof ¹ . The objective is to find a
subcollectionà8�Êß of minimumsize Z à.Z which containsall thegroundelements.

THEOREM 5.2 (Feige[11])
Unless �S�Ê�_�������O�u*,�8á.â � �0 ¡� �> §¢eã 1 , for any �µ�Û� thereis no approximationalgo-
rithm for M IN SET COVER with a performanceof *
�l¦���1�¨srµZ ¹ºZ , where ¹ is theset
of groundelements.

THEOREM 5.3 (AroraandSudan[4])
Thereexists a constantäÊ�»� suchthat,unless ��(å�S� , thereis no approximation
algorithmfor M IN SET COVER with a performanceof äS¨©rµZ ¹ºZ , where ¹ is thesetof
groundelements.

We arenow readyto prove the resultaboutthe inapproximabilityof BCCMED on
generalgraphs.

THEOREM 5.4
The problemBCCMED is strongly �S� -hard even on bipartite graphs. If thereex-
ists an approximationalgorithmfor BCCMED on bipartitegraphswith performance*��@->wæ*>Z +\Z 101 , where wæ*0Z +\Z 1�N8­\*L¨©r2Z +\Z 1 , thenthereexistsanapproximationalgorithm
for M IN SET COVER with performance¥}wæ*,¥£Z ¹ºZz��¥£Z ßlZ 1 . All resultscontinueto hold
evenif we requirethetwo costfunctions 3 and 4 to coincide.

PROOF. Let *Â¹e-�ßS1 be an instanceof M IN SET COVER. We assumewithout lossof
generalitythat theminimum-sizesetcover for this instancecontainsat leasttwo sets
(implying alsothat Z ¹®Z�çY¥ ).

For each²8N���¥¡-�Å�Å�ÅÁ- W � we constructan instance¾�Æ of BCCMED asfollows: The
bipartitegraphconstructedfor instance¾�Æ has Z +uÆ§Z}(R¥uZ ¹ºZ>�Ã¥£Z ßlZz�8¥�¦è²\mé¥§*>Z ¹®Z>�Z ßlZ 1 vertices.First constructthenaturalbipartitegraphwith nodeset ¹�ÌÞß . We add
anedgebetweenanelementnode vPN8¹ anda setnode ê�N�ß if andonly if vPN8ê .
We now adda root node ë which is connectedvia edgesto all thesetnodesfrom ß .
Finally, weaddaset ìSÆ of Z ¹ºZ©�OZ ßlZL¦A²í�®� nodeswhichareconnectedto therootnode
via theedges*,î
-�ë61 , î¬NÊìSÆ . Let ï X (ð²�ñ�wæ*>Z +MÆ§Z 1Âò��ó� . Theedgesbetweenelement
nodesandsetnodeshaveweight ï , all otheredgeshaveweight � . Thebudgeton the
servicecostfor instance¾ Æ is setto T Æ X (ðZ ì Æ Z��Yï�Z ¹ºZE�óZ ßlZ@¦�² . Theconstruction
is illustratedin Figure1.

As notedabove, thebipartitegraphconstructedfor instance¾ Æ has Z + Æ Z§(Í¥uZ ¹®ZE�¥uZ ßlZ��Ê¥l¦�²Þm�¥£*0Z ¹ºZ��<Z ßlZ 1 vertices.Thus, wæ*0Z + Æ Z 1Sméwæ*,¥uZ ¹®ZÁ�Ê¥uZ ßlZ 1 .
Themain goal of the proof is to show that (i) if thereexistsa setcover of size ² ,

then instance¾ Æ of BCCMED hasa solutionwith valueat most ² ; (ii) any feasible
solutionfor instance¾�Æ of BCCMED with cost Äåm_wæ*0Z +MÆ§Z 10² canbe usedto obtain
a setcover of sizeat most ¥@Ä . Using thesetwo propertiesof the reduction,we can
show thatany wæ*>Z +\Z 1 -approximationto BCCMED transformsinto a ¥}wæ*,¥uZ ¹ºZ��Ê¥uZ ßlZ 1 -
approximationfor M IN SET COVER: Find theminimumvalue ²uôANÃ�C¥¡-�Å�Å�Å�- W � such
thatthehypotheticalw -approximationalgorithmA for BCCMED outputsa solutionof
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����� ù�� ����� ù ý

FIG. 1: Constructionusedin theproof of Theorem5.4. Solid edgesareof weight � ,
dashededgeshaveweight ï (<²�ñ�wæ*>Z + Æ Z 1Âòe�!� .
costat most wæ*>Z +MÆ�
�Z 1�² ô for instance¾�Æ�
 . By property(i) andtheperformanceof A it
follows that ²uô is no greaterthanthe optimal sizesetcover. By property(ii) we get
a setcover of sizeat most ¥}wæ*0Z +uÆ 
 Z 1�²uô which is at most ¥@wæ*,¥uZ ¹®Z��<¥£Z ßlZ 1 timesthe
optimalsizecover.

Wefirst prove(i). Any setcover à of size ² canbeusedto obtainatreeby choosing
the subgraphinducedby the set nodescorrespondingto the setsin à and the root
nodeë . Clearly, thecostof thetreeis ² . Sincethesetsin à form acover, eachelement
nodeis within distanceof ï from avertex in thetree.Thus,thetotalservice-costof 5
is nomorethan ï�Z ¹ºZ��<Z ßlZ6¦Ã²½�<Z ì Æ Z@(RT Æ .

We now address(ii). Assumeconversely, that 5 is a solutionfor ¾�Æ with value Ä ,
i.e.,a treewith serviceJ *L5l1�m!T¤Æ and 36*L5l1S(ÛÄðmówæ*0Z +uÆ§Z 1�² . We first show that the
rootnodeë mustbecontainedin thetree.

Assumefor thesake of a contradictionthat ëÊ�NÊ5 . Since ïÀç´Ä<�ó� , the tree 5
cannot containany edge *��@-0v�1 where �ÞN�ß is a setnodeand v�N�¹ is anelement



10 J. of DiscreteAlgorithms, Vol. 0 No. 0, 0000

node.Hence,it follows that 5 consistsof a singlenodeKÞNè¹�Ì\ß8ÌOìiÆ . If 5R(h��Ku�
with K8NÊ¹ , theneachelementnodefrom ¹RQl�EK£� is at distanceat least ¥}ï from 5
andeachnodefrom ìSÆ is at distanceat least ¥¤��ïþç�� from 5 . Consequently, the
servicedistancecostof 5 is at least

¥@ïO*0Z ¹ºZ�¦Y�E1í���MZ ìSÆGZG(éT¤Æ¬�!*>Z ¹ºZ6¦Ã¥}1�ïÛ�Ê¥uZ ¹®ZÁ�RZ ßlZC¦�²A��¥µ��T¤Æ�-
whichcontradictsthat 5 is feasible.If 5!(h��Ku� with K®NÞß , thentheservicedistance
costof 5 is at least

ï�Z ¹®Z���¥£Z ìiÆ¡Z���¥§*>Z ßlZ6¦���1í�R��(RT¤Æe�<Z ìiÆ¡Z��<Z ßlZ���²2¦��½��TlÆG-
which is againa contradiction.In theabove calculation,thetermsin thefirst expres-
sionaccountfor theelementnodes,thenodesfrom ì Æ , the Z ßlZC¦Ê� setnodesnot in 5
andthe root in this order. It remainsto cover the casethat 5È(V�EK£� with KÊN!ì Æ .
Then,theservicedistancecostof 5 is no smallerthan

*xïó��¥@1�Z ¹®Z��Ê¥£*0Z ì Æ ZC¦���1í�é�i��¥£Z ßlZ@(RT Æ ��¥£Z ¹ºZ��Êì Æ �<Z ßlZE�Ê²2¦Y�½�YT Æ Å
This completesthe proof of the fact that the root node ë must be containedin the
tree 5 . Notice that, since ëYN<5 , we have that the numberof nodesfrom ì Æ Ì8ß
containedin treeequalsits 3 -cost,thatis ÄÛ(R36*L571�(ÍZ 5��P*�ì Æ ÌºßS1�Z .

We now show that thecollection à of setnodesspannedby thetree 5 canbeused
to obtaina coverof sizeat most ¥@Ä . Let �¹����<¹ bethesubsetof elementnodesnot
coveredby thecollection à of sets.For eachelementv�N��¹�� its distanceto any node
in 5 is at leastïÛ�é� . Theservicecostof 5 thussatisfies:

serviceJG*�571SçóZ ì Æ ZL�\ï�Z ¹ºZL��Z��¹���ZL��Z ß¤Zx¦OZ 5��µ*�ì Æ Ì¬ßS1�Z�(éT Æ �®²æ�èZ��¹���Zx¦ ÄlÅ (5.1)

Ontheotherhand,since5 is feasible,serviceJ *�571Sm�T¤Æ , andhencewegetfrom (5.1)
that Z��¹���ZSmÈÄ ¦é² �[Ä . In words, the numberof elementsleft uncoveredby the
collection à of setsis at most Ä , thecostof thetree 5 . Hence,we canaugmentà to
a valid cover by addingat most Z!�¹��MZ.m^Ä sets. This leadsto a setcover of sizeat
most ¥@Ä .

COROLLARY 5.5
(i) Unless �S�è�Û�������O�M*,� � �0 ¡� �> £¢ 1 , for any ����� therecanbeno polynomialtime

approximationalgorithmfor BCCMED with a performance*
�@-E*
�C�6¥6� ¦é��1�¨©r W 1 ,
whereW denotesthenumberof verticesin theinput graph.

(ii) Thereexistsaconstant« �Y� suchthat,unless�O(Í�S� , thereis noapproximation
algorithmfor BCCMED with aperformanceof *
�}- « ¨©r¬¨©r W 1 .

PROOF. To prove part (i), we use the following fact: The instancesof M IN SET

COVER usedin [11] have thepropertythat thenumberof setsis at most Z ¹®Z " , where¹ is thegroundset(see[10] for anexplicit computationof thenumberof setsused).
Hencefor (i), it sufficesto show thatany approximationfor BCCMED canbeusedto
obtainan approximationfor thoseinstances*Â¹e-
ße1 of M IN SET COVER with Z ßlZæm
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Z ¹ºZ " . For the sake of referencewe call thoseM IN SET COVER-instanceslow set
numberM IN SET COVER-instances.

By Theorem5.4 the existenceof an approximationalgorithmfor BCCMED with
performance*��@-03�¨©r W 1 for some 3Í�a� , implies that there exists an approxima-
tion algorithmfor all low setnumberM IN SET COVER instanceswith performance¥@3�¨srí*x¥£Z ¹ºZ �¤¥uZ ¹®Z "�1 . Noticethatfor Z ¹®Z�ç�¥ wehave ¥@3�¨srí*x¥£Z ¹ºZ �¤¥uZ ¹®Z "�1¬m$#}3�¨©rµZ ¹ºZ "�(¥@�@3�¨©r¤Z ¹ºZ . By thehardnessresultof [11] we musthave ¥6�}3½çh� , or 3AçÛ���@¥6� (under
theassumptionthat �S��ª�Û�������O�u*,� � �0 §� �> §¢ 1 ). This provespart(i) of thecorollary.

Part (ii) is provedin a similarway. Noticethatfor any instance*x¹¬-
ßS1 of M IN SET

COVER the numberof setsis boundedby ¥&% ¼ % . By Theorem5.4, an approximation
for BCCMED with performance*
�@->3�¨sr¬¨©r W 1 impliesanapproximationalgorithmfor
(the general)M IN SET COVER-problemwith performance¥@3�¨sre¨©rI*x¥£Z ¹ºZ@�<¥£Z ßlZ 1Þm¥@3�¨sre¨©r�*,¥uZ ¹ºZ��Y¥('C¥�% ¼ % 17m*)}3�¨srAZ ¹ºZ . Theclaim follows becauseunless�8( �i� [4],
wehave )@37ç�ä for someconstantäÞ�Y� .
6 Approximation Schemeon Trees

Wefirst considertheproblemBCCMED whenrestrictedto treesandpresentanFPAS.

THEOREM 6.1
Thereis a FPAS for BCCMED on treeswith runningtime ­\*L¨©¯@°�* W Ä½1 W ± �C� { 1 , whereÄ denotesthemaximum 3 -weightof anedgein thegiveninstance.

PROOF. Let ¾ bea given instanceof BCCMED andlet 5»([*,+.-0/21 be the treegiven
in ¾ . We root the treeat an arbitraryvertex ëÃNR+ . In the sequelwe denoteby 5 D
thesubtreeof 5 rootedat vertex K8NY+ . So 5,+2( 5 . Without lossof generalitywe
canassumethat ë is containedin someoptimalsolution ¾ (we canrun our algorithm
for all verticesastheroot vertex). We canalsoassumewithout lossof generalitythat
the rootedtree 5 is binary (sincewe canaddzerocostedgesanddummynodesto
turn it into a binarytree).Finally, we canassumethatall edgeweights 36*,B�1 ( B N8/ ),
areintegral, sinceotherwisewe canmultiply the rationalnumbersby their common
denominatorandconsidertheresultingproblem.

Let 5lôÃ( *,+qôC->/2ô�1 be an optimal solution for ¾ which contains ë . Denoteby
OPT (ð3@*L5lô�1 its cost. Define Ä X (»n�-/. ;>=10 36*,BC1 andlet 2aN43 �£-�* W ¦R��1�Ä65 be an
integral value.Thevalue 2 will actas“guessvalue” for theoptimalcostin thefinal
algorithm.Noticethatdueto our integrality assumptionon the 3 -weightstheoptimal
costis anintegerbetween� and W Ä .

For a vertex KPN�+ andaninteger ²PN 3 �§-7285 we denoteby Ü93 Ku-z²:5 theminimum
servicecostof a tree 5 ôD<; Æ servicingall nodescontainedin thesubtree5 D rootedat K
andwhich hasfollowing properties:(1) 5¤ôD<; Æ containsK , and(2) 36*�5lôD<; Æ 12mÍ² . If no
suchtreeexists,thenweset Ü=3 KM->²:5 X (<�(> . Noticethat

36*L5 ô 1�(!n p©r��k² X Ü93 ëC->²?5�mYTé�}Å
Let K�NÃ+ bearbitraryandlet K}y6-�K6{ beits childrenin therootedtree 5 . We show

how to computeall thevaluesÜ93 KM->²:5 , �¤mé²\mYT giventhevaluesÜ=3 K6Ç0-�' 5 , Ñk(´�@->¥ .
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For Ñk(´�@->¥ let ê�Ç X ( 9 @ =@?<ACBED§¼ distJ *GFµ-�K¡1 . If K6Ç is not in thetree 5 ôD<; Æ thennone
of theverticesin 5 D B canbecontainedin 5 ôD<; Æ . LetH Æ X (Rê�y���ê�{
and I Æ X (�nqpsr��IÜ93 K y -z² ¿ 5¡��Ü93 K { ->² ¿ ¿ 5 X ² ¿ �Ê² ¿ ¿ (<²2¦P3@*LKM-�K y 1æ¦P3@*LKM-�K { 1M�}Å
Thenwe havethat

Ü=3 KM->²:5í(�nqp©rí��ê { ��Ü93 K y -z² ¦P3@*LKM-�K y 1C5x-zê y �ÊÜ93 K { -z²µ¦Ã36*�Ku-0K y 1C5x- H Æ - I Æ �}Å
Thefirst termin thelastequationcorrespondsto thecasethat K}y is in 5lôD<; Æ but not K6{ .
The secondterm is the symmetriccasewhen K { is in the treebut not K y . The third
termconcernsthecasethatnoneof K y and K { is in the tree. Finally, the fourth term
modelsthecasethatbothchildrenarecontainedin 5 ôD<; Æ .

It is straightforwardto seethat this way all thevaluesÜ93 Ku-z²:5 , ��mÛ²èm�2 canbe
computedin ­\*J2 { 1 time giventhevaluesfor thechildren K y and K { . Sincethetable
valuesfor eachleaf of 5 canbecomputedin time ­\*J2P1 , thedynamicprogramming
algorithmcorrectlyfindsanoptimalsolutionwithin time ­\* W 2 { 1 .

Let �A�h� bea givenaccuracy requirement.Now considerthefollowing testfor a
parameterË NK3 �§-E* W ¦��E10Ä65 : Firstwescaleall edgecosts36*,BC1 in thegraphby setting

3�LP*�BC1 X (�M * W ¦Y�E1
3@*�BC1ËÛ� N Å (6.1)

We thenrun the dynamicprogrammingalgorithmabove with the scalededgecosts
and 2 X (o*
�7�´���6��1Á* W ¦ó�E1 . We call the testsuccessfulif the algorithmgivesthe
informationthat Ü93 ëC-�285ím�T . Observethattherunningtime for onetestis ­\* ÖPO�JQ 1 .

We now prove that the test is successfulif Ë ç OPT. To this endwe have to
show that thereexistsa treeof costat most 2 suchthat its servicecostis at most T .
Recallthat 5lô denotesanoptimalsolution.Sincewe haveonly scaledthe 3 -weights,
it followsthat 5¤ô is alsoafeasiblesolutionfor thescaledinstancewith servicecostat
most T . If Ë ç OPT we have

j;z=@? 
 3�L8*�BC1emûj;>=@? 
6R * W ¦���1
36*,B�1ËÛ� �!��SÛm W ¦Y�� �<Z 5 ô Z�m R �i� �� S�* W ¦���1�Å
Hencefor Ë ç OPT, thetestwill besuccessful.We now usea binarysearchto find
theminimuminteger ËÛ¿�NK3 �£-�* W ¦��E10Ä65 suchthatthetestdescribedabovesucceeds.
Ourargumentsfromaboveshow thatthevalueË ¿ foundthiswaysatisfiesË ¿ m OPT.
Let 57¿ bethecorrespondingtreefoundwhichhasservicecostno morethan T . Then

j;z=@?
T 36*�BC1Sm ËÛ¿©�W ¦Y� j;>=@?�T 3�L T *,BC1Sm ËÛ¿s�W ¦�� R �i� �� S * W ¦���1Sm<*��i�Ê��1 OPT Å (6.2)
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Thus,thetree 5 ¿ foundby ouralgorithmhascostatmost �I�è� timestheoptimalcost.
The runningtime of the algorithmcanbe boundedasfollows: We run ­\*L¨©¯@°�* W Ä½1�1
testson scaledinstances,eachof which needstime ­\* W ± �C� { 1 time. Thus,the total
running time is ­\*L¨©¯@°�* W Ä½1 W ± �C� { 1 , which is boundedby a polynomial in the input
sizeand �C�C� .
7 Approximation Algorithm on GeneralGraphs

In this sectionwe usea linear programmingrelaxationin conjunctionwith filtering
techniques(cf. [19]) to designan approximationalgorithm. The algorithm and its
analysisarevery similar to thosegivenin [25] for theTravelingPurchaserProblem.
Thebasicoutlineof our algorithmis asfollows:

1. FormulateBCCMED asan integer linear program(IP).1

2. Solve the linear programmingrelaxation(LP) of this (IP).

3. With the help of the optimal fractionalsolutiondefinea service-clusterfor each
vertex. Thegoalis to serviceeachvertex by onenodefrom its cluster.

4. SolveaGroupSteinerTreeproblemontheclustersto obtaina tree.

7.1 Integer Linear ProgrammingFormulationandRelaxation.

In the following we assumeagainthat thereis one node ë (the root) that must be
includedin the tree. This assumptionis without lossof generality. Considerthefol-
lowing integerlinearprogram(IP) whichwewill show to bearelaxationof BCCMED.
The meaningof the binary decisionvariablesis as follows: U ; ( � if andonly if
edgeB is includedin thetree;furthermoreÙ D @ (Û� if andonly if vertex F is serviced
by K .

(IP) nqp©rµj;>=10 36*,BC1EU ;jDE=GF Ù D @ (h� *GFhN�+µ1 (7.1)

jDE=GF j@ =GF distJG*LKM-�Fl1ÚÙ D @ mYT (7.2)

jD:V=XW Ù D @ � jDE=XW:; t V=PW U D tºçó� *GFhN�+�-zê$Yé+.-�ë��Nèê�1 (7.3)U ; NP�E�£-��6� *�BAN�/µ1 (7.4)Ù D @ N����§-��@� *LK®Nè+.-�FÛNè+µ1 (7.5)

Theconstraints(7.1)ensurethateveryvertex is serviced,constraint(7.2)enforcesthe
budget-constrainton the servicedistance. Inequalities(7.3) area relaxationof the
connectivity andservicerequirements:For eachvertex F andeachsubsetê which

1TheIP-formulationwhichwearegoingto useis actuallya relaxationof BCCMED.
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doesnot containtheroot ë either F is servicedby a nodein +óQ�ê (this is expressed
by thefirst term)or theremustbea anedgeof 5 crossingthecut inducedby ê (this
is expressedby thesecondterm).

The linear programmingrelaxation(LP) of (IP) is obtainedby replacingthe inte-
grality constraints(7.4) and(7.5) by the constraintsU ; N�3 �£-���5æ*,B�NY/21 and Ù D @ N3 �§-���5M*�K\N�+�-�FhN�+21 .
LEMMA 7.1
Therelaxation(LP) of (IP) canbesolvedin polynomialtime.

PROOF. We show thatthereis a polynomialtime separationoraclefor theconstraints
(7.3). Usingtheresultfrom [15] impliestheclaim.

Supposethat *LÙI-�U�1 is a solutionto betestedfor satisfyingtheconstraints(7.3) for
a fixed F . We setup a completegraphwith edgecapacitiesU D t ( vI-0K�NÃ¹ ). We then
adda new node ZF andedges*�ZFµ-0K�1 of capacityÙ @ D for all K�N�+ . It is now easyto
seethat thereexistsa cut separatingë and ZF of capacitylessthanoneif andonly if
constraints(7.3)areviolatedfor F .

7.2 ServiceClustersandGroupSteinerTreeConstruction.

Let �\�_� . Denoteby *<[ÙI-?[U}1 the optimal fractionalsolutionof (LP) andby \ LP
X (9 ;>=10º36*�BC1X[U ; theoptimalobjective functionvalue.For eachvertex FÍN�+ definethe

value T @ X (ðjDE=GF distJ *LKM-�Fl11[Ù D @
andthesubset(servicecluster)

' @ *,��1 X (Û��K®N�+ X distJ *LKM-�F71�m<*��i����1
T @ �}Å
Thevalue T @ is the contribution of vertex F to the total servicecost in the optimal
fractionalsolutionof thelinearprogram.Theset ' @ *,��1 consistsof all thosevertices
thatare“sufficiently close”to F .

LEMMA 7.2
For eachFhN�+ we have 9 DE=1]_^ â � ã [Ù D @ ç��Á�§*
�i�Ê�z1 .
PROOF. If theclaimis falsefor FhN�+ thenwehave 9 DXV=1]_^ â � ã [Ù D @ �R�u¦A���§*
�¡� �z1�(�C�¡*
�.�Ê��1 . Thus

T @ ( jDE=GF distJG*LKM-�F71X[Ù D @ ç jDXV=1] ^ â � ã distJG*LKM-�F71X[Ù D @ çó*����l��1
T @ jD:V=1] ^ â � ã [Ù D @ ��T @ Å
This is a contradiction.Hencetheclaim musthold.

Next, we will usethe GroupSteinerTreeProblem(GST) asa subroutineto com-
pletethe solution(seeSection4.1.2for a definition of GST).Considerthe instance
of GST on the graph ' given in the instanceof BCCMED wherethe groupsarethe
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sets' @ *���1S*GFÍN�+A1 , andtheedgeweightsarethe 3 -weights.This problemis formu-
latedasanintegerlinearprogramasfollows:

(GST) n p©r j;>=10 3@*�BC1EU ;jDE=XW:; @ V=/W U D @ ç<� *,ê�Yé+�-0ë��N�êæ->' @ *,��1S��ê for someF¤1U ; NP�E�£-��@� *�BµN�/µ1
Thealgorithmfrom [7] findsagroupSteinertreeof cost ­®*�¨s¯}° ± ]R¨©¯@°�¨©¯@°�]�1 times9R;>=10º36*�BC1�U�ô; (�\ LP-GST, where U¡ô; denotestheoptimalfractionalsolutionof theLP-

relaxation(LP-GST)and \ LP-GST denotesits objectivefunctionvalue.

LEMMA 7.3
Denoteby \ LP-GST and \ LP the optimal valuesof the LP-relaxationsof the integer
linearprograms(GST)and(IP), respectively. Then \ LP-GST mÛ*
�i�!���C��17\ LP.

PROOF. We show that the vector �U definedby �U D @ X (o*
�l�´���6��11[U D @ is feasiblefor
theLP-relaxationof (GST).This impliestheclaimof thelemma.To this endlet ê be
an arbitrarysubsetsuchthat ëY�Néê , ' @ *,�z12�ðê for someF and 9 DE=XW:; @ V=1W`U D @ �� . Since *�[Ùk-X[UG1 is feasiblefor (LP), it satisfiesconstraint(7.3), i.e., 9 DXV=XWa[Ù D @ �9 DE=XW:; @ V=1Wb[U D @ çó� . Hencewegetthat

jDE=XW?; @ V=/W [U D @ çR�¬¦�jDXV=XW [Ù D @
çR�¬¦ jDXV=1] ^ â � ã [Ù D @ (since ' @ *,��1cY�ê )

çR�¬¦ R �¬¦ ��.��� S (by Lemma7.2)

( ��i�Ê� Å
Multiplying theabovechainof inequalitiesby �����C�C� shows that �U is feasiblefor the
LP-relaxationof (GST).

Hencewe know that \ LP-GST med0�i� y �/f \ LP med0�i� y �/f OPT. HereOPT denotes
the optimal solution for the instanceof the BCCMEDproblem. We cannow usethe
algorithmfrom [7] to obtainagroupSteinertree.By thelastchainof inequalitiesthis
treeis within a factor *��S�é�C�C��10­\*L¨©¯@° ± ]R¨©¯@°.¨s¯}°�]�1 of theoptimalsolutionvaluefor
theinstanceof BCCMED while thebudgetconstraintontheservicedistanceis violated
by a factorof at most �i��� :
THEOREM 7.4
For any fixed �A�h� thereis a *
���Y�E-�*
�¬�<���6�z1>­®*�¨s¯}° ± ]<¨s¯}°�¨©¯@°�]�1�1 -approximation
algorithmfor BCCMED.
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